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1. Let (𝑥𝑛) be a real sequence. Show that if |𝑥𝑛| → 0, then 𝑥𝑛 → 0.
Hint: Use Proposition 1 (the squeeze theorem).
2. Prove Claim 2: Every convergent real sequence is bounded.
Hint: Fix 𝜀 = 1.
3. Let (𝑎𝑛) and (𝑏𝑛) be real sequences, and suppose 𝑎𝑛 → 𝑎, and 𝑏𝑛 → 𝑏. Show that if 𝑎𝑛 ≤ 𝑏𝑛

for all 𝑛 ∈ ℕ, then 𝑎 ≤ 𝑏.
4. Prove Claim 3: An open ball is an open set.

Hint: Fix an arbitrary open ball 𝐵(𝑥0, 𝑟). For any 𝑦 ∈ 𝐵(𝑥0, 𝑟), follow the picture above to
choose some 𝑟1 > 0 such that

𝐵(𝑦, 𝑟1) ⊆ 𝐵(𝑥0, 𝑟).

5. Let (𝑥𝑘) be a sequence, and 𝑓 ∶ ℝ → ℝ be a function. Negate the following statements:
(a) for all 𝜀 > 0, there exists a 𝑁 ∈ ℕ such that 𝑑(𝑥𝑘 , 𝑥) < 𝜀 for all 𝑘 ≥ 𝑁 ;
(b) for every 𝑄 ∈ ℝ, there exists 𝑀 ∈ ℕ with 𝑥𝑘 ≥ 𝑄 for each 𝑘 ≥ 𝑀 ;
(c) for any 𝜀 > 0, there exists 𝛿 > 0 such that for all 𝑦 ∈ ℝ𝑛 with |𝑥 − 𝑦 | < 𝛿 , we have

|𝑓 (𝑥) − 𝑓 (𝑦)| < 𝜀.
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6. Let 𝑓 ∶ ℝ → ℝ and 𝑔 ∶ ℝ → ℝ be continuous. Show that the composite function ℎ = 𝑓 ◦𝑔
is continuous.

7. Let 𝐷 be a nonempty, finite set. Show that 𝑓 is continuous at each point in its domain.
8. Show that the function 𝑔 ∶ ℝ2 → ℝ defined by

𝑔(𝑥 , 𝑦) =
⎧⎪⎪
⎨⎪⎪⎩

𝑥𝑦
𝑥2+𝑦2 if (𝑥 , 𝑦) ≠ (0, 0)

0 if (𝑥 , 𝑦) = (0, 0)

is not continuous at (0,0).
9. Show that cos 𝑥 − cos 𝑦 ≤ |𝑥 − 𝑦 | for any 𝑥 , 𝑦 ∈ ℝ.
Hint. (cos 𝑥)′ = − sin 𝑥 , and sin 𝑥 ∈ [−1, 1] for all 𝑥 ∈ ℝ. Now use Theorem 7 (the mean value

theorem).
10. Prove Theorem 8.
Hint. UseTheorem 7 (the mean value theorem).
11. Let 𝑓 ∶ ℝ⧵{−1} → ℝ be defined as

𝑓 (𝑥) =
𝑥 − 1
𝑥 + 1

.

Let 𝑔 denote the inverse of 𝑓 , which can be written as

𝑔(𝑦) =
1 + 𝑦
1 − 𝑦

.

Use the inverse function theorem and direct computation to get the derivative of 𝑔.
12. Prove Proposition 8.
13. Prove the Young’s inequality: For all 𝑝, 𝑞 > 0 satisfying 1

𝑝 +
1
𝑞 = 1,

𝑎
1
𝑝 𝑏

1
𝑞 ≤

𝑎
𝑝
+
𝑏
𝑞

for any 𝑎, 𝑏 ∈ ℝ.
Hint. Use the facts that 𝑓 (𝑥) = log 𝑥 is strictly increasing and strictly concave on (0,∞), and

log 𝑦𝑚𝑧𝑘 = 𝑚 log 𝑦 + 𝑘 log 𝑧.
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