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1 Logic

1. Find the contrapositive of the statement

𝐴 ∧ 𝐵 ⇒ 𝐶 ,

and find two sufficient conditions for this statement.
2. Let 𝑃 , 𝑄, 𝑅 be statements. Assume the following statement is true: “if 𝑃 is true and 𝑄 is not
true then 𝑅 is true.”

a) Rewrite the statement above in logical operators.

b) What can we infer about statements 𝑃 and 𝑄 if 𝑅 is not true?

3. Let 𝐴 and 𝐵 be nonempty sets. Negate the statement

(∃𝑥 ∈ 𝐴, ∀𝑦 ∈ 𝐵) [𝑃 (𝑥 , 𝑦)].

4. Let 𝑛 be a positive integer, show that 𝑛 < 2𝑛.
5. Prove the following result:

The well-ordering principle. Every nonempty finite set of positive integers contains a least ele-
ment.

2 Set Theory

1. Suppose 𝐴 ⊆ 𝐵 ⊊ 𝐶 , prove that 𝐴 ⊊ 𝐶 by contraposition.
2. Prove part (2) of Proposition 2.
3. Show that a necessary and sufficient condition for that

(𝐴 ∩ 𝐵) ∪ 𝐶 = 𝐴 ∩ (𝐵 ∪ 𝐶)

is that 𝐶 ⊆ 𝐴.
4. Prove Claim 2.
5. Identify which of the following subsets of ℝ2 is a function or not. Explain.
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{(1, 2), (2, 3), (2, 4), (3, 3)}.a)

{(1, 2), (2, 3), (3, 3), (4, 1)}.b)

{(𝑥 , 𝑦) ∈ ℝ2 ∶ 𝑦2 = 1 − 𝑥2}.c)

{(𝑥 , 𝑦) ∈ [0, 1]2 ∶ 𝑥 = 𝑦, 𝑥 ∈ [0, 1)} ∪ {(1, 0)}.d)

For each of the functions, determine whether it is injective, surjective, and/or bijective.
6. Let 𝑓 ∶ 𝑋 → 𝑌 be a function, where 𝑋 and 𝑌 are nonempty sets. Prove the following two
assertions:

a) A necessary and sufficient condition that

𝑓 (𝑋⧵𝐴) ⊆ 𝑌 ⧵𝑓 (𝐴) for all 𝐴 ⊆ 𝑋

is that 𝑓 is injective.

b) A necessary and sufficient condition that

𝑌⧵𝑓 (𝐴) ⊆ 𝑓 (𝑋⧵𝐴) for all 𝐴 ⊆ 𝑋

is that 𝑓 is surjective.

Therefore, 𝑓 (𝑋⧵𝐴) = 𝑌⧵𝑓 (𝐴) if and only if 𝑓 is bijective.
7. Let 𝑋 , 𝑌 , 𝑍 be nonempty sets, and let 𝑓 ∶ 𝑋 → 𝑌 , 𝑔 ∶ 𝑋 → 𝑌 , 𝑢 ∶ 𝑌 → 𝑍 , 𝑣 ∶ 𝑌 → 𝑍 be
functions. Show that

i) if 𝑓 and 𝑢 are both surjective, then so is 𝑢◦𝑓 ;

ii) if 𝑓 and 𝑢 are both injective, then so is 𝑢◦𝑓 ;

iii) if 𝑓 is surjective and 𝑢◦𝑓 = 𝑣◦𝑓 , then 𝑢 = 𝑣; and

iv) If 𝑢 is injective and 𝑢◦𝑓 = 𝑢◦𝑔, then 𝑓 = 𝑔.
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