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Appendix C Detailed Discussion of Model Assumptions

In Section C.1, I allow Seller to recognize whether Buyer is a first-time visitor or came
back from search. Section C.2 shows that the main insights of this paper are qualitatively

robust under various alternative assumptions.

C.1 Recognizable Buyer Identity
C.1.1 Exploding Offers and Renegotiation

One way that Seller can take advantage of this is to make an exploding offer: she commits
not to sell to Buyer if she does not buy during her first visit. In this case, Buyer buys
without search if and only if w — p > & — s, namely when her value of Seller’s prod-
uct is no less than the expected value of the unknown outside option net of the search
cost; and if she goes to search, she would never come back. The probability of this event
is 1 —H((p+ & —s)), and hence Seller’s revenue guarantee from an exploding offer is
p[1—=H((p+ &—s))]."' One striking feature of exploding offers is that Nature’s choice
of outside option becomes completely irrelevant: it is outcome equivalent to that the out-
side option distribution is J;, the degenerate distribution at £, and Buyer must incur a cost
s to consume the outside option.

Another possibility is that Seller posts a price first, and then if Buyer comes back she
may have an incentive to increase the price. As noted in Armstrong and Zhou (2016), in
the current framework very little can be said; but if Buyer must incur an exogenous cost
r > 0 to return to buy Seller’s product after search, no matter how small r is, a Diamond
paradox (Diamond, 1971) style argument shows that once Buyer goes to search, she would
never come back. Hence, the equilibrium outcome is the same as that of exploding offers.

Proposition C.1 summarizes the findings when Buyer’s identity is recognizable.

Proposition C.1. Suppose that Seller can recognize whether Buyer is a first-time visitor.
Then

(i) if Seller can commit to an exploding offer, it is optimal to offer p = 1 — & + s with full

information;

(ii) forall p, & € (0,1) and 0 < s < &, Seller gets a strictly higher revenue guarantee than

the case that she cannot distinguish between first-time visitors and searchers.

'For a function f : R = R, f(s7) := lim,<; f(x) whenever this limit exists.



(iii) if Seller cannot commit to the price, and there is a cost of returning to Seller r > 0, then

the equilibrium outcome is the same as Seller committing to exploding offers.

Proof. 1prove part (i) first. For a fixed p, Seller minimizes H ((p + £ — s)7). There are two
cases: p+&é—s < pand p+E&—s > p. If p+&—s < p, the optimal distribution over posteriors
is the degenerate distribution at y, which corresponds to no information. Consequently,
Buyer buys with probability 1, and hence Seller’s revenue is exactly p. Thus, it is optimal
for Seller to set p = p— & + s provided the right-hand side is nonnegative, and the revenue
guarantee is y — & + s.

Another case is p + £ — s > p. In this case, to minimize H ((p + & — s)7), it is optimal
to put as much mass as possible at p + ¢ — s, and put the rest of the mass at 0 so that
Ey[w] = p. Thus, the optimal distribution for a fixed p is the binary distribution with
support on {0, p + & — s}. Consequently, Seller’s revenue is pu/(p + & — s), and one can
show that this expression is strictly increasing in p. Therefore, the optimal price is 1-&+s,
the optimal distribution is the binary distribution with support on {0, 1}, and the revenue
guarantee is p(1 — & + ).

Finally, note that (1 — & + s) > u — & + s and the inequality is strict for all i € (0, 1).
Hence, full information, namely the binary distribution with support on {0, 1}, and price
1 — & + s is the optimal selling strategy when Seller can commit to an exploding offer.

Part (ii) is obtained by comparing the revenue guarantee in this case, namely p(1 —
& + s), with that identified in the proof of Theorem 1. Finally, Part (iii) follows from an

argument similar to the proof of Proposition 4 in Armstrong and Zhou (2016). ]

The optimality of full information stems from the fact that full information is “efficient”
in the sense that it leaves Buyer with no uncertainty on whether she should choose Seller’s
product or her outside option, and that when the outside option distribution is §; Seller
can appropriate all the surplus simply by pricing at 1 — £ + 5. Recognizable Buyer identity

helps Seller because J; is always suboptimal for Nature when her choice matters.

C.1.2 Price Discrimination

Now I assume that Seller can deviate from the robustly optimal selling strategy in the
sense that while the information provision policy cannot be changed, she can commit to

a price path (p;, p,) with p; < p, such that p, and p, are the prices charged if Buyer buys



immediately or after search, respectively.” In particular, I allow Seller to deviate by either
charging a higher price in the second period, or offering a “buy-now discount:” a lower
price is offered if Buyer purchases without search, but if she comes back from search she

has to pay the equilibrium price.

Proposition C.2. Suppose that Seller can recognize whether Buyer is a first-time visitor.
Let (p,, H*) be a robustly optimal selling strategy identified in Theorem 1, and let G* be the
corresponding worst-case outside option distribution. If Seller deviates by committing to a

pair of prices (p1, p2), where either p; = p, or p, = p,, then

(i) if Nature cannot detect this deviation and hence the outside option distribution is still

G?, Seller can benefit from such a deviation unless H* corresponds to full information;

(ii) if Nature can detect this deviation and optimally responds to it by choosing a new

outside option distribution, Seller cannot benefit from such a deviation.

Proof. For part (i), the outside option distribution is fixed at G*. If H* corresponds to full
information, that is, it is the binary distribution with mean p and with support on {0, 1}.
Under full information, there is no buy-later demand and hence charging different prices
for “buy-now” and “buy-later” does not increase Seller’s payoff. For all other H*, 1—H*(p)
is strictly log-concave on (p,, sup {supp (H*)}). Then by Proposition 1 in Armstrong and
Zhou (2016), Seller benefits from such a deviation.

Now consider part (ii). Suppose Seller offers prices (p;, p,) with p; < p,, and upon
observing this Nature can choose an outside option distribution different from G*. Seller’s

total demand is given by

1-Eg [H (p, +min{v,Sg'(s + p» — p1) })] .

and the buy-now demand is 1 — H* ( Po+ S5 (s+ py — pl)). Thus, Seller’s buy-later de-

mand is given by

1-Eg [H* (pz + min {v, S5 (s + po —pl)})] - [1 - H* (pz + S5 (s + py —pl))]
=H" (p,+ S5 (s + po — p)) —Eg [H" (p + min {v, Sg' (s + p. — p1) })] -

?This form of price discrimination is studied in, for example, Nocke, Peitz, and Rosar (2011) and Arm-
strong and Zhou (2016).



Consequently, Seller’s expected payoft is

pr[1=H" (p2+S5' (s + p2 = p0) | +
P2 [H* (pz + S5 (s + py — P1)) —Eg [H* <P2 + min {U’ So (s + p2— Pl)})]] ,

which is equivalent to

poEe [1— H* (p2 + min {v,S5' (s + p, — p1) })]|-(p2 — p) [1 = H* (p2 + S5' (s + p2 — p1)) ] -

But then since H is affine on (p,, 1), the first term is constant in the choice of G, and the

second is minimized by choosing G = J;. Then the above expression becomes

P [1=H (po+ &= 5= p2t p)l=(po-p) [1 = H (po+ & =s—p2t p)l = p: [1 - H (pr + £ = 9)].

But this implies that Seller cannot benefit from setting different buy-now and buy-later

prices. [

When Nature cannot detect Seller’s deviation and hence the outside option distribu-
tion is fixed at G*, a celebrated result in Armstrong and Zhou (2016) can be used off-the-
shelf. They show that whenever the buy-now demand is strictly more elastic than the
buy-later demand,® charging a higher “buy-later price” benefits Seller because by doing
that she either extracts more surplus if Buyer buys after search, or makes Buyer more
likely to buy without search. Unless H* corresponds to full information, in which case
there is no buy-later demand and hence such selling tactics would not be useful, the buy-

now demand is always strictly more elastic than the buy-later demand.

C.2 Robustness to Alternative Assumptions
C.2.1 Random Prices

If random prices were allowed, many economic insights that emerge from the main model
would remain valid. For example, Seller’s robustness-seeking motive still begets affinity,
although the affine object is the distribution of the buyer’s net values of the new product,

instead of the distribution over posteriors in the main model. Furthermore, a deterrence

3A sufficient condition is that 1 — F(p) is strictly log-concave, where F is the distribution of Buyer’s
value of Seller’s product. In this model, F is identical to the robustly optimal distribution over posteriors.



policy now entails a mass point in the distribution of net values. In particular, the trade-
off between search deterrence and surplus extraction remains: a deterrence policy is only

effective when sufficiently high prices are not charged too often.

C.2.2 “Safe” Outside Option

If Buyer has (free) access to a “safe” outside option with value u, > 0, the seller’s expected

revenue under ((p, H), G) is given by
pEg[1— H (p + max {min{a, v}, up})].

Recall that, as outlined in Appendix A.2.1, in the baseline model uses z = min{a, v} to
denote Buyer’s effective outside option. I then solve the auxiliary problem in which Nature
chooses this effective outside option distribution, and show that Nature’s optimal choice
can be induced by an outside option distribution.

To solve this new problem, it suffices to define y := max{z, u,} and work with the
distribution of this new variable instead. It can be shown that Nature’s optimal distribu-
tion of this new variable can be induced by an outside option distribution, and adding
this (relevant) “safe” outside option does not change the qualitative features of the main

results.

C.2.3 Continuously Distributed Match Value

Suppose instead that Seller and Buyer share a common prior belief that the match value
is distributed on [0, 1] according to a CDF F, which admits a strictly positive density f. In
this setting, Buyer’s expected payoff depends on her posterior belief about the match value
solely through its posterior mean. Consequently, Seller’s problem of choosing information
provision policies reduces to selecting the induced distribution of posterior means. It
is well-known that a distribution of posterior means can be induced by an information
provision policy if and only if it is a mean-preserving contraction (MPC) of the prior F.*

Therefore, Seller’s revenue guarantee maximization problem is

i E-l1—H(p + mi , , Ci1
el ey (Bin pEol1 — H(p + minia, v})] (€1

“See, for example, Blackwell (1953) and Kolotilin (2018).



where MPC(F) is the set of MPCs of F: H € MPC(F) if and only if fox F(s)ds < fox F(s)ds
for all x € [0, 1], where the inequality holds with equality at x = 1.

This problem is, however, generally intractable. To see why, recall that in the first
stage, a continuum of information design problems needs to be solved—one for each price.
Even if we further assume that the prior F admits a single-peaked density, a full charac-
terization of even one of these problems can be infeasible. The difficulty is discussed in
detail in Section 5 of Sapiro-Gheiler (2024).

Nonetheless, some key qualitative features of the main results continue to hold when

the match value is continuously distributed.

Observation 1. When the search cost is sufficiently small, Seller does not use a deterrence
policy; for larger search costs, a deterrence policy can be optimal. Moreover, the robust price

drops when switching to a deterrence policy.

Since Nature’s problem remains unchanged, the key observation that a deterrence
policy is effective only when p < s/& continues to hold. When the search cost is zero,
there is no incentive to deter Buyer search, and Seller charges a strictly positive price
and gets a strictly positive revenue guarantee. It can be shown that the value of problem
(C.1) is continuous in s, implying that for sufficiently small s, deterring search remains
unprofitable. This highlights that the trade-off between search deterrence and surplus
extraction persists. Furthermore, the reason for adopting a deterrence policy is precisely
that it generates higher demand; consequently, at the “switching point,” the price must
drop, as in the main model.

Moreover, a similar rationale to that in the first observation of Section 3.1 applies here.
However, due to the restriction imposed by the MPC constraint, having an affine segment

in the distribution of posterior means need not always be optimal.

Observation 2. Suppose the prior F is either convex or concave. Then for every price, there
exist parameter values under which the distribution of posterior means that solves Seller’s

information design problem has an affine segment.

C.2.4 Seller’s Knowledge about the Outside Option Distribution

The qualitative insights remain unaffected by minor adjustments to upper and lower

bounds of the support. To illustrate this, suppose first that the lower bound remains zero

>Sapiro-Gheiler’s problem is isomorphic to the information design problem when the exogenously given
price is zero, and the search cost is also zero; allowing for positive price and search cost makes the problem
even more complicated.



and the upper bound can be altered; denote the upper bound by R. Recall from the dis-
cussion in the second paragraph of Section 3.1 that Seller can deter search only when the
sum of the price and the maximum reservation value, R — s/¢, does not exceed one—that
is, p+ R—s/& < 1, or equivalently, p < s/£ + 1 —R. It is readily seen that a higher upper
bound R reduces the profitability of deterring search. Therefore, if the upper bound is
either strictly less than one or not substantially greater than one, all main results remain
qualitatively intact. However, for any s and £ with 0 < s < £ < 1, there exists R such that
if the upper bound R > R, deterring search is never profitable. Similarly, one can show
that although lowering the lower bound also diminishes the profitability of deterrence,
small changes in either direction do not affect the qualitative conclusions.

An alternative reasonable assumption regarding Seller’s knowledge about the outside
option distribution is that she knows the mean and an upper bound on a higher moment
(for example, variance), but allows the support to be unbounded. Although the robustly
optimal distribution over posteriors may become strictly convex rather than affine under
this assumption, the qualitative insights persist: deterring search imposes a restriction on
price, which generates the trade-off between search deterrence and surplus extraction;

moreover, considerable variations in information provision policies continue to emerge.

Appendix D Proof of Proposition 1

D.1 Preliminaries

I proceed as follows: as outlined in Appendix A, for every candidate robustly optimal
distribution H* in Proposition 3, I find a corresponding worst-case effective outside option
distribution G* , and then use Lemma 1 to show that (H*, G*) solves problem (10). Next,
I show that the worst-case effective outside option distribution G* can be induced by an
outside option distribution (or just “induced” for simplicity), which then implies that H*
is indeed a robustly optimal distribution.

To check that an effective outside option distribution can be induced, in some cases I

use the following result due to Au and Whitmeyer (2023).

Lemma D.1 (Au and Whitmeyer, 2023). An effective outside option distribution can be
induced if and only if there exists V € A([€ — 5,1 — s/&]) where for each a € supp(V) there



is a distribution of outside options G, € 111(&) such that for each z € [0,1 — s/¢],

G(z) = V(2) + / Ga(2) dV(a).
supp(V)N(z,1-s/¢]

Observe also that any price p > 1 — (¢ — s) is weakly dominated by p = 0: for any
such price, by setting the outside option distribution to be the degenerate distribution at
&, Nature is able to make Buyer not buy from Seller for sure. This is because the highest
posterior that Seller can generate is 1, and hence the highest net valueis 1—p,but 1—p <
& — 5. Consequently, Seller does not sell at all and the revenue guarantee is zero, which

is the same as setting p = 0. Therefore, when optimizing over p, it suffices to consider

pelo,1-(& -9l

D.2 The Caseof p > s/¢

The following two claims establish the results for this case.

Claim D.1. Suppose p > s/& and u > (1 + p)/2. Then any distribution over posteriors
H € M(y) that first-order stochastically dominates Uy, 1) is robustly optimal. Furthermore,
Seller’s revenue guarantee given price p is ®(p) = p[1 — (& —s)/(1 — p)].

Proof of Claim D.1. Consider any distribution H* that first-order stochastically dominates
Ulp.1)- Then the concave hull of H|[0 1—s/§](P +z) coincides with Uj, 1}, and Nature can attain
the value of problem (11) by using a binary distribution

§=s
R 1—-= if0<z<1—-p,
G@={ = 17 P

1 ifz>1-p.
Now u > (1 + p)/2 implies that p < 2y — 1 < p, and hence Seller’s value is (N?p(,u) =
1—(&—5s)/(1— p) for any choice of distribution over posteriors with support on a subset
of [p, 1]. Thus, (H*, G*) is a saddle point; and to show that H* is robustly optimal, it only

suffices to show that G* can be induced by some outside option distribution G*. Consider

if p > £4=p)

E=s s £(-p)
1-— fo<v< ,
G*(U) — { 1- E—s
1 s

by the definition of a, a = 1 — p. Thus, by definition of the effective outside option



distribution, the effective value distribution induced by G* is

A G* if 0 < 1—
G(z):{ (2) ifo<z< D,
1 ifz>1-p,

which is exactly G*. This completes the proof. ]

In particular, since y > (1 + p)/2, Upu-11 is well-defined, has mean p, and first-order

stochastically dominates Uy, ;). Consequently, Ujz,—1,1] is optimal.

Claim D.2. If u < (1 + p)/2, there exists w € [2 — p, 1] where

24— p ifp>pandé —s <
_NEOE stz s p) ifp>pand P < E - s < O
w = 2

or,ugpandéf—sg@,

! ifé —s> 5,

such that the robustly optimal distribution is
2
- W—f; w € [0, p),
_ = — 2_11 2_/1 W__P A
Hy(w) =1 1- 2+ 2 (W_p) w € [p, w),

1 w e [w,1].

And Seller’s revenue guarantee when the price is p is

( E-s , 2(u—p*
= fu>pandé=s< o0
PH ; 2(u—p)* (1=p)?
> d=EE < —s < 2
O(p) = | E sz E-stp) fp>pand 5 2m <& i
or,ugpand§—sg%,
2y &=s : (1-py?
\IE(l_IQ) ifé—s2"5".

Proof of Claim D.2. 1 consider the case of w = 2y — p first, where the distribution in the

statement of the claim becomes

0 w € [0, p),
Hypw) = | 225 we[p.2u—p)
1 w € [2u—p,1].




Observe that the concave hull of HZP—P|[0 173/5](1) + z) coincides with Hp,_,(w) on [p, 1],
and hence Nature’s value is Hy,_,(p + £ — s), which can be obtained by effective outside
option distribution with mean & — s supported on a subset of [0, 2(z — p)]. Now consider

effective outside option distribution

Gt (z) = 1- =4 sz ifze[0,2(u - p)),
1 if z € [2(n — p), 1],

which induces

0 if w € [0, p)
fo‘_p(W) — 1— 5_;; + 2(5:;)2(14; — p) ifwe [p, 21— P),
1 ifwe[2u—p,1].

Then the concave hull of éf,” “P(w) coincide with the function itself on [p, 1]; and since
u > p, Seller’s value is éf,”fp(y) =1-(&—-5s)/(2(u — p)). It can be obtained by any
distribution with mean p supported on a subset of [ p, 2u—p], and this condition is satisfied
by Hy,—,. Thus, (Hpy—p, G ) is a saddle point; and to show that H,,_, is robustly optimal,

it only remains to show that G*? can be induced. Consider

V(@)= ———1 on[u—p,2(u—p);
H—p

and let G,(v) be a binary distribution with support on {2(u—p)—a, a+2s(u—p)/(E—s)}. It
is not difficult to show that G,(v) € 111(¢) for all a € [u— p, 2(p — p)]; then by Lemma D.1,
G*~P can be induced.

Next I consider the case of w = \/(5 —s)(&—s+2p)+ (& — s+ p) <1 The concave

hull of HW‘[Oks/g](P + z) coincides with Hy(w) on [p, 1], and hence Nature’s value is
Hy(p + &€ — s), which can be obtained by effective outside option distribution with mean
& — s and supported on a subset of [0, w — p]. Now consider effective outside option

distribution
G(2) = (z+p)/w ifze[0,w—p),
ifze[w-p,1],

10



which induces

0 if we[0,p)
GA;)(W) =91 w/w ifwe[p,w),
1 if we[w,1];

and the concave hull of GA;,” is

o 3 w/w if we[o,w),
Gp(w) = { if w e [w, 1],

Consequently, Seller’s value is 5;”(;1) = p1/w, which can be attained by any distribution
over posteriors with mean p supported on a subset of {0} U [p, w], and this condition is
satisfied by Hy,. Thus, (Hy, é‘”) is a saddle point; and to show that Hy; is indeed robustly

optimal, it only remains to show that G¥ can be induced. Consider

Y@= -1 on (9= p)/2, - pl

and let G,(v) be a ternary distribution with pmf g,(v) given by

5
vy —(W—p)+a

&) | p/w| (A —-p/w)/2| (A-p/w)/2

v 0 w—p—a

It is not difficult to show that G,(v) € 1M (¢) for all a € [(w — p)/2,w — p]; then by
Lemma D.1, G” can be induced.

Finally, I consider the case of w = 1, where the proposed distribution becomes

— 2 if welo,p),
Hl(w) = 1;,1) 2u w—p .
1_E+E<q> lfWE[p,l].

The concave hull of Hl}[o 175/51(1) + z) coincides with H;(w) on [p, 1], and hence Nature’s
value is H;(p + £ — s), which can be obtained by any effective outside option distribution
with mean ¢ — s and supported on a subset of [0,1 — p]. Now consider effective outside

option distribution

Gz = Apes) (1—f_;;> if z € [0,1— p),
1 ifze[l—p,1],

11



which induces
0 if welo,p)

Gy(w) = =)
P {i_‘;(lf—p) lfWE[p51];

and the concave hull of G;, is

~ 2 —
G,(w) = % (1 - f_—;) on [0, 1].

Consequently, Seller’s value is 5;(;:), which can be attained by any distribution over pos-
teriors with mean p supported on a subset of {0} U [p, 1], and this condition is satisfied
by H,. Thus, (Hi, Gl) is a saddle point; and to show that H; is indeed robustly optimal, it

only remains to show that G! can be induced. Consider

a-(£-s)
1-p—-(£-5)

V(a) = on[£—s,1-p];

and let G,(v) be a quaternary distribution with pmf g,(v) given by

v 0 1—-p—a |¢- w;w 1
) 2p[1—p—(&=9)] | 2[1-p—(=9)] 2(E=s)1—p—(£=9)] 2(—5)—(1-p)*
8a (A=p)(a+p) (1=p)(+p) (1=p)(+p) (1=p)(+p)
where
E(1-p*)+(-p)  [1-p-(-9I1-p) 1l-p—(~5)
¢ = -1- , and 7= .
2(—s) £—s £—s
It is not difficult to show that G,(v) € N(&) for all a € [€ — 5,1 — p]; then by Lemma D.1,
G' can be induced. This completes the proof. ]

D.3 The caseof p < s/&

The following four claims establish the results for this case.

Claim D.3. If p < s/ and p > p + 1 — s/&, the degenerate distribution J, is optimal.

Furthermore, Seller’s revenue guarantee when price is p is ®(p) = p.

Proof of Claim D.3. By using distribution over posteriors §,, because y — p > 1 — s/¢,

the highest possible effective outside option is below Buyer’s net value from purchasing

12



Seller’s product. Therefore, Buyer buys without search with probability one, and thus §,

must be optimal, and Seller’s revenue guarantee equals her price p. ]

Claim DA4. Ifp < s/&, u < p+1—5s/& and p > (1 — 28)(& — s5)/(28%), the binary
distribution with support on {0, p + 1 — s/&}, is robustly optimal. Its cdf is

Hy(w) = 1= watys fwelop+1-s/0),
b 1 ifwelp+1—s/£1].

Proof of Claim D.4. Evidently, the concave hull of Hb|[0)1_s/§
1 — s/£&], and hence any effective outside option distribution with mean ¢ — s supported
on a subset of [0,1 — s/&] is optimal for Nature. When (1 — 2&)(€ — 5)/(28%) < p <
(1 —2&)(& — 5)/ &%, consider effective outside option distribution

|(p + z) is constant on [p, p +

2 _ f1=£ 1+& (1-28)(¢-9)-Ep . _
E(2) = <§*s <E>§(1+p)fs>z T s £2€10.8-),

s+ P) if z € [€—s,1-s/E];
the restriction on p guarantees that G° is a cdf, and it induces

(0 if w € [0, p),

[
& (w) = (& - (%) mos ) v -p) - SRR ifwelpp+E-9),
p - —_— .

§(1+§p)_sW ifwelp+&—s,p+1—-s/é),
|1 ifwelp+1—s/&1].

Inspection shows that the concave hull of Gg(w) is

N £ w ifwel0,p+1-—s/é],
Gg(W): E(+p)-s .
1 ifwelp+1-s/&1]

Consequently, any distribution over posteriors with mean p and with support on a subset
of {0} u[p + & —s,p+1— s/&]is optimal for Seller, and this condition is satisfied by
the binary distribution H b Thus, (H, éo) is a saddle point; to show that H b is indeed

robustly optimal, it only remains to show that G° can be induced. Consider

= ‘ PPRIR Sl
CE+p) - £ +p) - st

13

V(a)

on[&—s,1—s/E];



and let G%(v) be a ternary distribution with pmf g%(v) given by

v 0 f—vyal|a+s/E
g) | UEXESLr |y 3
where ,
b1 02098

E2(A+p)— st
y = &/pr,and p = (€ — s)y/E. It can be checked that G2(v) € N(¢) forall a € [£ — 5,1 —
s/&]; then by Lemma D.1, G° can be induced.

And for p > (1 — 2&)(€ — s)/ &2, consider effective outside option distribution

(1-¢)° - _
642 = )i 2 ifz€[0,&—5),

g+ p) ifzelf—s1-s/El;

the restriction on p guarantees that G¥5 is a cdf, and it induces

(0 w € [0, p),

GEs() Far(w—p) ifwelpp+E—s),

P - .
mw ifwelp+&—s,p+1-s/&),
|1 ifwel[p+1-s/&1].

Inspection shows that the concave hull of Gg_s(w) is

13 .
- oo ifwelo,p+1-s/E],
Gg (w) = &(1+p) .
1 ifwelp+1-s/&1].

Consequently, any distribution over posteriors with mean y and with support on a subset
of {0} u[p + & —s,p+1—s/&]is optimal for Seller, and this condition is satisfied by
the binary distribution H”. Thus, (H?, Gf’s) is a saddle point; to show that H” is indeed

robustly optimal, it only remains to show that G¥~5 can be induced. Consider

a E—s

Y@= fv s T T B p— st

on[f—s1-s/E];

14



and let G:~*(v) be a binary distribution with pmf g¢~*(v) given by

v |(EA-a)-95)/A-&) |a+s/E
g ) 1-¢ 3

It can be checked that G(v) € M(¢) for all a € [¢ — 5,1 — s/£]; then by Lemma D.1, G

can be induced. This completes the proof. ]

ClaimD.5. Ifp < s/&, p < u—(1—5s/&)/2, and p < (1—2E)(& — 5)/(2E?), the distribution

0 if w e [0, p),
H'(w) = § 2580w — p) ifwelp,p+1-s/8),
1 ifwelp+1—s/&1]

is robustly optimal. Furthermore, Seller’s revenue guarantee given price p is

®(p)=p|1-2t +28L L.
E—s
Proof of Claim D.5. Observe that the concave hull of Hh|[0’1_s/ﬂ(p + z) coincides with
H"(w) on [p, p + 1 — s/&], which is affine. Consequently, any effective outside option
distribution with mean & — s supported on a subset of [0,1 — s/&] is optimal for Nature.

Now consider effective outside option distribution

282
E—s

Glz)=1-2F+ z on|0,1—s/&];

note that G*(0) > 0 because p < (1 =28 — s)/(2£?) implies ¢ < 1/2. Then

() = 0 if welo,p),
T -2 Ee-p) ifwelppri- s/l

and its concave hull is

282

éyw):1—z§+§_s

(w=p) on[0,p+1—s/E&].

Therefore, any distribution over posteriors with mean y and with support on a subset of

[0,p + 1 — s/&] is optimal for Seller, and this condition is satisfied by H". Furthermore,

15



Seller’s value is 52(;1) Thus, (H", G") is a saddle point; and to show that H" is indeed

robustly optimal, it only remains to show that G" can be induced. Consider

2¢

V(a) = 7o

a—1 on[(¢-5s)/(28),1-5s/&];

and let G"(v) be a ternary distribution with pmf g/(v) given by

v 0 1—s/é—a|a+s/E
g | 1-2¢ £ 3

It can be checked that G (v) € M(¢) for all a € [(¢ —s)/(2&),1—5/&]; then by Lemma D.1,
G" can be induced by a mixture of outside option distributions. This completes the proof.

ClaimD.6. Ifp < s/& p—(1=5s/&) > p > p—(1—5/8)/2, and p < (1-2£)(& - 5)/(28?),
there exists w € [2u — p, 1] where

_am-w ifu>pand £ —s < "L,
w =
\/(f —$)?+2p(E—s)+(E—s+p) otherwise,

such that the robustly optimal distribution is

2 .
1—w—fp if we [0, p),
Ho(w) = 1= 2+ 2 (22 ifwe[p.w),

1 ifwe[w,1].

And Seller’s revenue guarantee given price p is

p[l—z(i__sp)] ifp>pand§—s£%,
®(p) = K otherwise
\/(5—8)(§—S+2P)+(§—$+P) ’

Proof of Claim D.6. In this case,

JE =2 +2p(f—)+(E—s+p)<p+1-s/E<,

where the first inequality holds because p < (1 —2&)(€ —s)/(2£%), and the second follows

16



from the assumption that p < s/&. Rearranging the above inequalities, £ —s < (1— p)?/2.

The rest of the proof is analogous to the proof of Claim D.2, and hence omitted.® ]

The results in Appendix D.2 and Appendix D.3 together establish Proposition 1.

Appendix E Two Benchmarks: Proofs

E.1 Proof of Proposition 2

When s = 0, the definition of a indicates that a = 1. Consequently, Seller’s payoft when
the distribution over outside options is G can be simplified to p Eg[1 — H(p + v)]. There-
fore, I can work with the outside option distribution directly; in particular, there is no
need to find an effective outside option distribution first and then find an outside option
distribution that generates it.

For each pair of distribution over posteriors and effective outside option distribution
(H , é) that is a saddle point in the proof of Proposition 1, it can be checked that by
setting s = 0, the resulting pair (H’, G’) of the distribution over posteriors and outside
option distribution is a saddle point for the zero search cost problem. Using these results,

an argument similar to the proof of Claim 1 establishes the proposition.

E.2 Proof of Proposition 3

For a fixed posterior w, the probability of Buyer buying from Seller is given by Gy(w),
where when p +a < 1,

0 ifw<p,
Gy(w) ;=4 Gw—p) ifp<w<p+a,
1 itw>p+a
and
0 if w<p,
Gp(w) := Bwsp
Gw—p) ifw>p,

®There is one subtle point, though: for the case of w = 2 — p, to make sure that my choice of the saddle
point in the proof of Claim D.2 works, it has to be that 2(y— p) < 1—s/£. This must hold by the assumption

that p > p—(1—s/&)/2.
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p+a<l pt+a>1

Figure E.1: Constructing Gy, from G. The left panel shows the case of p + a < 1, and the
case of p + a > 1 is displayed in the right panel.

when p + a > 1. See Figure E.1 for an illustration of this function. Therefore, if Seller
chooses a distribution H, her payoff can be written as p /01 Gy(w) dH(w). Therefore, Seller

solves

max{ max p/1 GZ(w)dH(w)}.

pelo,1] | Hem(p)

To prove Proposition 3, I solve for the optimal information provision policy for a fixed
price first. For a fixed p € [0, 1], Seller’s problem of choosing a distribution over posteriors
is

max /1G;(w)dH(w).

HeM(y)

This problem is identical to the information design problem studied in Kamenica and
Gentzkow (2011),” where Seller’s (who plays the role of Sender in their framework) value
function is exactly Gy(w). Consequently, Seller’s optimal distribution can be identified by
finding the concave hull of Gj(w).

To identify the concave hull of Gg(w), starting from v = 0, [ try to find a line segment
that tangents to G; at some r(p): r(p) solves

g(r(p) — p)r(p) = G(r(p) — p); (E.1)

if a solution to the above equation does not exist for some p, set r(p) = 1. Note that when
r(p) < 1, it must be that g’(r(p) — p) < 0. If p > 1 — a, it is not hard to see that Gj is a

convex-concave function on [0, 1], and it is concave on [r(p), 1]. Thus, the concave hull

’See the problem on page 2596 in Kamenica and Gentzkow (2011).
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o »p rp)1 w

Figure E.2: The concave hull of Gy when p > 1 — a, which is identified by the orange
dashed curve.

b pt+a w p r t pt+ta w

Figure E.3: The concave hull of G when p < 1 — a. The left panel depicts the case of
g(r(p) — p) < 1/(p + a), and the concave hull of Gy is identified by the orange dashed
curve. The right panel illustrates the case of g(r(p)—p) > 1/(p + a), and the concave hull
of Gy is identified by the cyan dashed curve.

of Gy, as illustrated in Figure E.2, is affine on [0, r(p)], and identical to G, on [r(p), 1].

The case of p < 1— ais more complicated. If g(r(p)— p) < 1/(p + a), that is, the slope
of Gj at r(p) is less than or equal to the slope of the line segment that connects (0, 0) and
(p + a,1), which I denote by £,, then the concave hull of Gj is essentially identified by ¢,,.
If instead g(r(p) — p) > 1/(p + a), then draw another line segment from (p + a, 1) that
tangents to G; at some t(p): t(p) solves

gt(p) — p)(p +a—t(p)) =1-G(t(p) — p). (E.2)

And in this case the concave hull is identified by r(p) and t(p). The left and right panel

of Figure E.3 illustrate the above two cases, respectively.
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Being able to identify the concave hull of G¢, the optimal information provision policy

for a fixed price is immediate.

Lemma E.1. Suppose that p < 1— a. Then if g(r(p) —p) < 1/(p + a), when pu € (0, p + a),
{0, p + a} is optimal® and when p € [p + a, 1], {u} is optimal. If g(r(p) — p) > 1/(p + a),

» when i € (0, r(p)), {0, r(p)} is optimal;

« when p € [r(p), t(p)], {u} is optimal;

« when u € (t(p), p + a), {t(p), p + a} is optimal; and
« when pu € [p + a,1),{u} is optimal.

Suppose instead that p > 1 — a. Then when u € (0, r(p)), {0, r(p)} is optimal; and when
p e [r(p), 1), {u} is optimal.

Now I am ready to prove Proposition 3.

Proof of Proposition 3. Suppose first that p > 1 — a. Let
p = sup{p € [0,1] : there exists r(p) € [0, 1] that solves (E.1)}.

If G is concave, let r(0) = 0; and otherwise let r(0) solve g(r(0))r(0) = G(r(0)) if a solution

exists, or else let r(0) = 1. By the implicit function theorem,

g(r(p) — p)

o (r(p)— p) E3)

r'(p) =r(p) -

By Lemma E.1, the optimal information provision policy depends on the location of y: if

p € (0, r(p)), {0, r(p)} is optimal; and if i € [r(p), 1), {u} is optimal. Suppose u € (0, r(p)),
Seller’s payoff by setting p € (1 — a, p) is given by
1
—— G(r(p) — p) = pug(r(p) — p).
p r(p) p)—p)=puglrip)—p
where the equality follows from (E.1) in the text; and by setting p € [p, 1), Seller’s payoff
is puG(1 — p). It can be checked that, using (E.3), when p € (1 — a, p) Seller’s payoff is

8Since every optimal distribution over posteriors is either degenerate or binary, I identify such a distri-
bution by its support.
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strictly increasing in p, and hence Seller provides full information by using distribution
{0, 1}, with price being p;, defined by the solution of (25).
Now suppose Seller uses no information {u}; her payoff is given by pG(u — p), which

is maximized at
_ G(p — pu)

B 8 (.u - pu) .
Note that by definition of r(p), r(p) > p unless possibly at p = 0, which is never optimal.
Then

) (E.4)

G(r(pw) = p) _ G = py)
g(r(py) — p) glu—pu) ’
where the first equality follows from (E.1), and the second equality holds by (E.4). By log-

r(py) > pu =

concavity of g, it must be that 1 < r(p,). Then the optimal distribution is in fact {0, r(p,)},
which implies that no information is never optimal. To summarize, when p > 1 — a,
full information is optimal, and Seller’s optimal price and profits are given by p, and
putG(pr, — 1), respectively, where pj, is the solution to (E.2).

Now suppose that p < 1 — a. Again by the implicit function theorem,

v(p) = 1; (E5)

consequently, both r(p) and t(p) are increasing in p, and by (E.5), t(p) = t(0) + p.

If g(r(0)) < 1/a, it can be checked that for all p < 1—a, g(r(p)—p) < 1/(p+a). Then
by Lemma E.1, the distribution {0, p + a} is optimal; and by using this distribution, Buyer
buys if and only if she buys without search, which happens with probability p/(p + a).
Consequently, Seller’s expected payoff is py/(p + a), which is strictly increasing in p. It
is maximized at p = 1 — a, with profit (1 — a)y; the associated distribution is {0, 1}, namely
full information. To summarize, when g(r(0)) < 1/a, full information is optimal; p = 1—a
is the optimal price, and Seller’s expected payoff is p(1 — a).

Consider next the case that g(r(0)) > 1/a. Again by Lemma E.1, define

15=SUP{P€[0,1—61] : g(r(p)—p)>ﬁ};

by log-concavity of g, p is unique. Now for a fixed p, optimal information provision policy

again depends on the location of p: if p < p < 1 —a, {0, p + a} is optimal; and for p < p,

o if € (0, r(p)), {0, r(p)} is optimal,
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« if j € [r(p), (p)], {1} is optimal,
« if g e (t(p), p + a), {t(p), p + a} is optimal,
« if p€[p+a,1),{u}is optimal.

An analogous argument like the case of p > 1 — a shows that no information is never
optimal; and p < p implies that r(p) < p + a, but then Seller’s expected payoft is strictly
increasing in p, which implies that it is strictly better for Seller to price at p and provide
information according to {0, p + a} instead. Consequently, it only remains to consider the
third bullet point.

To this end, suppose Seller provides information according to {t(p), p + a}. Seller’s
problem of finding the optimal price is

p[G(t(p)—p) prazyp  _p=ip) ];

p+a—t(p) p+a—tp)

by (E.2), it can be written as

pra—p p—p—t0)]
P [G(t(o)) a—10) | a-10) |’

because G(t(0)) < 1, it is strictly concave in p. Then the optimal price is given by

_ aG0) ~1(0) 4
Pe=on-caoy] 2

For this price to be indeed optimal, it has to be that p, < p. Observe that at p, r(p) =
t(p) = t(0) + p. Then by definition of p,

GO —p) _ 1
) pra

gr(p)—p) =

and hence
_ aG(t(0)) — t(0)
~1-G((0)

But then p, < p implies that u < t(0)+p, = t(p;), which in turn implies that {¢(p,), p;+a}is

not optimal at p;. Therefore, the only candidate for the optimal selling strategy is (p, {0, p+
a}). Consequently, similar to the case of g(r(0)) < 1/a, full information is optimal, p =

1 — a is the optimal price, and Seller’s expected payoff is p(1 — a). Summarizing, when
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p < 1— a, the selling strategy described above is optimal.

To conclude, full information is always optimal, the choice of the optimal selling strat-
egy boils down to comparing 1 — a and p,G(1 — py). Then p = 1 — a is optimal if and
only if p,G(1 — py) < 1 — a, and otherwise pj, is optimal. This yields the statement in the

proposition, and hence concludes the proof. ]

E.3 Proof of Corollary 1

Because the density of the outside option distribution g is strictly positive, the definition
of a indicates that it is strictly decreasing in s. Because p, does not depend on s, there
exists a unique a” that solves 1 —a = p,G (1 — py); let the search cost that corresponds to

a* be §g. Then the statement follows from Proposition 2.
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